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1. Introduction
Let p be a rational prime. A long-standing conjecture of R. Brauer is the claim
that k(B)  |D| whenever B is a p-block of a finite group with defect group D. Here
k(B) = |Irr(B)| denotes the number of ordinary irreducible characters belonging to B .
This k(B)-conjecture is known to be true if |D| = pd with d  2 or if D is of some specific
type (e.g., D cyclic). For d  3 the best general result is k(B) p2d−2 due to Brauer and
Feit [2]. In the p-solvable case the conjecture reduces to the so-called “k(GV )-problem”
(Nagao [20]): Show that k(GV )  |V | whenever V is a faithful FpG-module for some
finite group G of order prime to p. Here the semidirect product GV has a unique p-block
with (normal) defect group V , and k(GV ) is nothing but the number of conjugacy classes
of the group GV .
The k(GV )-problem is of interest in its own right, but has turned out to be extremely
stubborn in its full generality. The fundamental ideas for attacking the problem were
developed around 1980 by Knörr, who proved the conjecture for G supersolvable [14]
and later for |G| odd (see [5]), the first significant partial results. Knörr showed that
k(GV )  |V | provided there is v ∈ V for which the centralizer CG(v) is abelian or
admits a generalized character θ = θv such that |θ(x)|2  |V : CV (x)| for all x ∈ CG(v),
θ(x) ≡ 0 (mod p) for x = 1 and θ(1) ≡ 0 (mod p). This latter idea was advantageously
reworked by Gow [11]. He noticed that such a θv exists if V is a symplectic module and
that arbitrary self-dual modules can be treated similarly (see also [24]). This was improved
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that k(GV ) |V | whenever there is v ∈ V such that the restriction of V to CG(v) contains
a faithful self-dual submodule (with real-valued Brauer character). Such a vector v will be
called real.
The criterion of Robinson–Thompson has led to much progress towards a solution of the
problem over the past few years. By coprimeness of |G| and |V | one can indeed assume
that G is irreducible on V (cf. Section 2). In contrast to abelian vectors, having abelian
centralizers, real vectors are compatible with the standard reduction techniques (Clifford
theory). So the search for real vectors leads to situations where the generalized Fitting
subgroup of G either is of extraspecial type or is a central product of a quasisimple group
with a cyclic group (of scalar multiplications). In [28] this has been already used in order
to show that real vectors exist whenever the prime p > 530, and an example is given for
p = 7 where this is false. Real vectors do exist when p = 2 [26]. The extraspecial situation
has been studied thoroughly by Gluck and Magaard [8] (where real vectors are called RT-
vectors), Robinson [25] and Riese [22]. The quasisimple case is studied in Goodwin [10],
Riese [21], Köhler and Pahlings [15]. Most of these studies make use of the classification
of the finite simple groups. It turned out, that real vectors exist except when p is one of the
primes 3,5,7,11,13,19 or 31.
For the remaining primes p there exist examples (G,V ) where there exist no real or
abelian vectors. So in order to solve the k(GV )-problem, at last, the criterions by Knörr
and Robinson–Thompson must be supplemented by other methods. In fact, Gluck and
Magaard [9] were able to treat the case p = 31 and, quite recently, Riese and Schmid [27]
even showed that the k(GV )-conjecture holds true except possibly when p = 5. The object
of the present paper is to demonstrate that there is no exception:
Theorem. The k(GV )-conjecture is true for all primes p. Thus if G is a finite p′-group
acting faithfully on an elementary abelian p-group V , then we have k(GV ) |V |.
Of course, it remains to settle the only outstanding case p = 5. But this is the worst
case. In contrast to most of the previous work on the k(GV )-conjecture one now really has
to count conjugacy classes (characters). A first attempt was made in [23]. Independently
and almost simultaneously solutions have been found, then, by the authors from Detroit
and Tübingen. Only in the final stages of the work the authors did become aware of the
competition. After exchanging first drafts, we noticed that the two preliminary versions,
though rather different in details, were based on the same ideas. This joint paper benefits
from both preliminary approaches.
The theorem has quite a lot of interesting consequences. We just mention two:
Corollary 1. Suppose G is a p′-group which can be embedded into GLm(p) for some
integer m 1. Then k(G) pm − 1.
This improves a result in Feit [4, IV.5.5]. The bound can even be improved unless
G is cyclic of order pm − 1 according to a Singer cycle in GLm(p). The theorem
has consequences also for general block theory. As usual k0(B) denotes the number of
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is the claim that k(B) = k0(B) if and only if B has abelian defect groups.
Corollary 2. Let B be a p-block with defect group D of an arbitrary finite group G, and
let b be the Brauer correspondent for B of the normalizer NG(D). Then:
(i) The Alperin–McKay conjecture implies the Olsson conjecture, that is, if k0(b) =
k0(B), then k0(B) |D : D′|.
(ii) If D is abelian and k(B) = k(b), then k(B) |D|.
The paper is organized as follows. In Section 2 we summarize the results on the
k(GV )-problem obtained so far (Theorem A). By virtue of Theorem A it remains to check
that k(GV )  |V | for any critical pair (G,V ). Here G is a 5′-group acting faithfully
on an F5-vector space V = W1 ⊕ · · · ⊕ Wn permuting the subspaces Wi , all having
dimension 2, such that each normalizer NG(Wi) maps onto a subnormal subgroup of
some distinguished 5-complement H in GL2(5) and contains an element which induces
the scalar transformation with −1 on Wi but centralizes V/Wi (Section 3). We argue by
induction on the degree n of (G,V ). If n = 1 then k(GV ) k(HV ) = 4|V |/5. The main
result of the paper (Theorem B) states that k(GV ) |V |/2, when n 2, except for some
special cases in degrees n = 2,3 with G normalizing each Wi . The proof of Theorem B
is outlined in Section 3 assuming certain auxiliary results (to be proved in the subsequent
sections). In a first step one reduces the investigation to the case where G acts transitively
on the {Wi} (in which case V is an induced module). Then one proceeds to primitive
actions. A (sharp) upper bound for the class number of a primitive permutation 5′-group
(see Theorem 1 in Section 4) enables us to reduce the investigation to low degrees (n 16).
The proof then is completed by a thorough analysis of the remaining few cases. This turned
out to be rather tough, however. Having only little information on the group G and its action
on V one has to find appropriate invariants. We derive formulas in terms of these invariants
which involve only calculations with integers (Theorems 3, 4 in Section 5). This enables
us to treat all the low degree cases (Sections 6, 7).
We mention that the inequality k(GV ) |V | does not hold in general if one drops the
assumption of coprimeness (of |G| and |V |), even when G is assumed to act irreducibly.
It has been conjectured that then k(GV ) k(GL(V )V ), which is slightly larger than |V |.
We hope that the methods of our paper are also applicable to this “non-coprime k(GV )-
conjecture,” a topic of current interest.
2. Background
Let G be a finite group. Let X be a subgroup of G. We have the trivial estimate
k(X)/|G : X|  k(G)  k(X) · |G : X| (see Gallagher [7]). The first inequality implies
that if X ⊆ Y are subgroups of G then
k(X)/|G : X| k(Y )/|G : Y |. (0)
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irreducible (complex) character of N , and let IS(χ) = IG(χ)/N be its inertia group in S.
Then the number of irreducible characters of G lying above χ is bounded from above by
k(IS(χ)) [7]. More precisely, | Irr(G|χ)| is equal to the number kχ (IS(χ)) of conjugacy
classes in IS(χ) of elements xN having the property that χ can be extended to 〈N,x,y〉
for all y ∈ IG(χ) with [x, y] ∈ N . So
k(G) =
∑
χ∈Irr(N)
kχ
(
IS(χ)
)/∣∣S : IS(χ)∣∣. (1)
Observe that kχ(IS(χ)) = k(IS(χ)) if all Sylow subgroups of IS(χ) are cyclic (since
then its Schur multiplier is trivial). This also holds if G splits over N and the degree
χ(1) is prime to |S| or if N is the base group of a wreath product. From the estimate
k(IS(χ)) k(S) · |S : IS(χ)|, for all χ , we obtain the (well known) formula
k(G) k(N) · k(G/N). (2)
Now replace (G,N) by (GV,V ) where V is a coprime G-module (|G| and |V | relatively
prime). Then Irr(V ) = Hom(V ,C∗) is isomorphic to V as a G-set and every irreducible
(linear) character of V can be extended to its inertia group. So formula (1) may be re-
written as
k(GV ) = k(G)+
∑
i
k
(
CG(vi)
)
, (3)
the sum being taken over a set {vi} of representatives for the G-orbits on V . (If V is
a p-group for some prime p this may be deduced from the fact that in any finite group
X the class number k(X) =∑j l(CX(yj )) where {yj } is a set of representatives for the
conjugacy classes of p-elements in X and l indicates the number of p-regular conjugacy
classes. Just use the decomposition of a group element in its p-part and its p′-part.)
The above formulas will be crucial. We describe two special situations.
Wreath products
Suppose S ⊆ Sn is a transitive permutation group of degree n  2. For each integer
k  2 define the function fS by
fS(k) =
min(n,k)∑
r=1
(
k(k − 1) · · · (k − r + 1)
∑
σ∈Σ(n,r)
k(Sσ )/|S : Sσ |
)
.
Here Σ(n, r) is the set of partitions of the n-set Ω = {1, . . . , n} into r parts (so that
σ(n, r) = |Σ(n, r)| is the Stirling number of the second kind to n and r). For every
partition σ the stabilizer Sσ is the set of all elements of S belonging to the parabolic
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with S. Write G = X(n) ·S. Every irreducible character χ of the base group X(n) of G is of
the form χ = χ1 ⊗ · · · ⊗ χn for unique irreducible characters χi ∈ Irr(X). This determines
a partition σ(χ) of Ω consisting of those subsets on which the components χi agree and
which are maximal with this property. The inertia group IS(χ) = Sσ(χ). One knows that χ
can be extended to IG(χ) ∼= XwrSσ(χ) [13, p. 154]. Now let k = k(X). If σ ∈ Σ(n, r) is
a partition of Ω into r parts, there are k(k − 1) · · ·(k − r + 1) irreducible characters χ of
X(n) with σ(χ) = σ if k  r , and none otherwise. Consequently k(G) = fS(k).
Gradings of a group
An ordered set {Xi}ni=1 of groups will be called a grading of the group G (of length n)
provided there is a descending series G = G0 G1  · · ·Gn−1 Gn = 1 of subnormal
subgroups of G such that Xi ∼= Gi−1/Gi for all i = 1, . . . , n. Repeated application of
formula (2) tells us that then
k(G)
n∏
i=1
k
(
Xi
)
.
We call the grading normal if all Gi are normal subgroups of G. Suppose for example
that the k(GV )-conjecture has been solved for irreducible modules. In general write then
V = W1 ⊕ · · · ⊕ Wn as a direct sum of irreducible G-modules (using that we are in a
coprime, semisimple situation). Let X0 = G and Xi = CG(W1 ⊕· · ·⊕Wi) for i = 1, . . . , n.
Then Wi is a faithful module for Xi−1/Xi . Letting Xi = (Xi−1/Xi)Wi we have a normal
grading for GV . The above estimate applies.
We next summarize the results obtained so far on the k(GV )-problem. Most progress
has been made on the basis of the Robinson–Thompson criterion (see the introduction).
The minimal counterexamples (G,V ), with regard to |V |, which do not admit real vectors
have been completely classified (see for instance statement (2.4) in [27]). Of course, these
counterexamples only occur if the characteristic p is one of the primes 3,5,7,11,13,19
or 31. A crucial step towards a solution of the problem now is the observation that, in
general, if (G,V ) does not admit real vectors, then V is induced from a module belonging
to the list of minimal counterexamples. This is one of the main results in Riese and
Schmid [27]. It was then possible to rule out all primes except for the prime 5. More
precisely, the results in [27] give the following.
Theorem A. Let p be a prime and V be a faithful irreducible FpG-module where G is a
p′-group. Then k(GV ) |V | except possibly the following hold:
(a) p = 5 and V = IndGG1(W) is an induced module, where W has order 25 and
G1/CG1(W)
∼= H is a 5-complement in GL2(5).
(b) There is an element in G acting as −identity on W and as identity on V/W .
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C4).S3 has order 96). H acts transitively on the nonzero vectors in W = F(2)5 , a centralizer
being cyclic of order 4. For (b) see Proposition 6 in [27]. The element in G with the
indicated property is unique as V is faithful and semisimple. Since the vector space V is
the direct sum of n = |G : G1| copies of W permuted transitively by G, the G-conjugates
of this element generate a normal elementary abelian subgroup of G of order 2n. We need
the following informations on the subnormal subgroups of H .
(H) There are up to conjugacy just 11 subnormal subgroups Ha of H = H1 containing
Ω1(Z(H)) = H11 (listed below). The numbering is such that whenever Ha contains some
conjugate of Hb then a  b. If Hb is not normal in H , then Hb occurs as a normal subgroup
of H4 = O2(H) having 3 conjugates under H . We have k(X) k(Ha) if X is a subgroup
of Ha , and k(X/Hb) k(Ha/Hb) if Hb is normal in Ha and Hb ⊆ X ⊆ Ha .
Ha k(Ha) k(HaW) k(a)
H1 = H 16 20 4
H2 = O2,3(H) 14 16 2
H3 = H ′ ∼= SL2(3) 7 8 1
H4 = O2(H)∼= Q8 ◦C4 10 16 6
H5 = H ′′ ∼= Q8 5 8 3
H6 ∼= D8 5 14 9
H7 ∼= C4 ×C2 8 14 6
H8 = Z(H)∼= C4 4 10 6
H9 ∼= C4 4 10 6
H10 ∼= C2 ×C2 4 16 12
H11 = Ω1(Z(H))∼= C2 2 14 12
Here k(a) = k(HaW) − k(Ha). The statements are easily verified (e.g., using [6]; the
subgroups Ha in the list may be obtained at once from the structure of H ∼= (Q8 ◦C4).S3).
Knowing that |CHa (w)| = 1,2 or 4 (which may be deduced from the first row of the table)
we see from formula (3) that k(a) is the sum over the |CHa(w)| with w varying over a set
of representatives of the Ha-orbits on W.
We mention that the group H does not contain a Singer cycle (element of order 52 − 1)
but has reducible subgroups X with k(XW) = |W | (which are not subnormal in H ,
however). The normal subgroups of H are determined by their order. Two groups Ha ,
Hb from the above list which are conjugate in GL2(5) are already H -conjugate (so that
a = b). Whenever Hb is normal in Ha (up to conjugacy) the resulting group extension is
well understood, including class numbers and Clifford invariants.
3. Critical pairs
Throughout we fix a 5-complement H in GL2(5) and let W = F(2)5 be its standard
module (H). Let G be a finite 5′-group and n 1 be an integer. Let V = W1 ⊕· · ·⊕Wn be a
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via some choice of a basis. We do not demand that G permutes the Wi transitively, but we
assume that the bases of G-conjugate spaces are chosen to be G-conjugate. Then (G,V )
is called a critical pair of degree n with base group B =⋂ni=1 NG(Wi) and permutation
group S = G/B provided the following hold:
(I) For each i the basis of Wi is such that Gi = NG(Wi) maps onto a subnormal subgroup
of H .
(II) For each i the image of the normal subgroup Ni = CG(⊕j =i Wj ) of Gi contains
Ω1(Z(H)) = H11.
It is immediate that the exceptional pair (G,V ) described in Theorem A is critical in
this sense. In this case (G,V ) is a transitive critical pair, that is, G permutes the subspaces
Wi ∼= W transitively, and each Gi = NG(Wi) maps onto H . For an inductive approach it is
appropriate to consider pairs (G,V ) of this more general type. In view of Theorem A and
(H) the k(GV )-conjecture is settled provided we have shown that k(GV )  |V | for any
critical pair (G,V ) of degree n 2. We shall argue by induction on n. It will be crucial for
this that certain stronger bounds are available at each stage (see Theorem B below).
As V is a faithful G-module, the Ni in (II) map injectively into H , and Wi is a faithful
Ni -module. Also,
N = N1 × · · · ×Nn
is a nontrivial normal subgroup of G contained in B . Of course, S permutes the Ni , like
the Wi , faithfully.
The action of S on the Wi carries over to one on the index set Ω = {1, . . . , n}. Let
Ω =⋃rj=1 Ωj be the decomposition into the different S-orbits (ordered in some way). Put
Uj =⊕i∈Ωj Wi for each j . Define X1 = G/CG(U1) and
Xj = CG(U1 ⊕ · · · ⊕ Uj−1)/CG(U1 ⊕ · · · ⊕Uj)
for j  2. Thus {Xj }rj=1 is a normal grading of G. Of course, this orbit grading of G
depends on the ordering of the orbits.
Lemma 1. Each (Xj ,Uj ) is a critical pair of degree nj = |Ωj | whose permutation group,
Sj , is isomorphic to a normal subgroup of the group induced by S on Ωj . At least (X1,U1)
is a transitive critical pair. Moreover, k(GV )
∏r
j=1 k(XjUj ).
Proof. Note that each XjUj is a normal section of the semidirect product GV , and that
Uj is a faithful Xj -module. Conditions (I), (II) carry over to the (Xj ,Uj ). It is evident that
S1 = S/CS(Ω1) ∼= G/⋂i∈Ω1 NG(Wi) is transitive on Ω1. The final statement follows by
repeated application of formula (2). 
The critical pairs (Xj ,Uj ) for j > 1 need not be transitive. But one may repeat the
above process. In this manner we are finally led to either transitive critical pairs or to such
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and it is fairly easy to bound k(GV ).
So let us assume in the sequel that S is a transitive permutation group on Ω . Then we
may identify V = IndGG1(W1). Moreover, the transitive critical pair (G,V ) determines a
chain
H0 Ha Hb
of subnormal subgroups of H appearing in (H). Here H0 is the image of any Gi = NG(Wi)
(by the choice of the bases), Ha is the image of B (with regard to any Wi ), and Hb is the
image of any Ni . So Ha ∼= B/CB(Wi) for any i , and Hb ∼= Ni is a normal subgroup of
H0 containing Ω1(Z(H)) = H11. In particular, a = a(G,V ) and b = b(G,V ) are unique
integers in the interval [1,11] with a  b. These integers will turn out to be basic invariants
for (G,V ).
Let us refine that. Let B1 = CB(W1) and a = a1. Define Bi = CB(W1 ⊕ · · · ⊕ Wi) for
i = 1, . . . , n. Then for i > 1
Bi = Bi−1/Bi ∼= Hai
with integers ai satisfying a  ai  b. In fact, Hai is a normal subgroup of Ha
containing Hb, and necessarily an = b. We see that {Hai }ni=1 is a normal grading of B .
This grading refers to the numbering of the groups listed in (H). If n  3 and S is not
2-transitive, a2 need not be determined by (G,V ). We may re-order Ω such that a2 is
as small as possible and such that the sequence a1  a2  · · · an−1  an of integers is
increasing and is lexicographically the smallest possible one describing a normal grading
of B of this kind. Then we call {Hai }ni=1, or simply {ai}i∈Ω , the H -grading of B .
Note that B is a fibre-product of the B/CB(Wi) ∼= Ha as V is a faithful B-module. In
particular, B may be regarded as a subgroup of the nth direct power H(n)a of Ha . So, for
example, the H -grading {a(n)} just means that B = N is isomorphic to H(n)a .
Lemma 2. Suppose S is transitive and B admits the H -grading {ai}ni=1. Then we may
identify
V = IndGG1(W1).
Let a = a1 = a(G,V ) and b = an = b(G,V ). All Hai are normal subgroups of Ha and
contain Hb, and {Hai/Hb}n−1i=1 describes a normal grading for B/N . We have the (trivial)
bounds k(G) k(S) ·∏ni=1 k(Hai ) and
k(GV ) k(S) ·
n∏
i=1
k(HaiW).
Finally, G may be embedded into H0 wrS where H0 is the image in H of G1 (or any
other Gi ). This H0 contains both Ha and Hb as normal subgroups.
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follow from (2). We assert that {Hai /Hb}n−1i=1 is a normal grading for B/N . As above let
Bi = CB(W1 ⊕ · · · ⊕Wi) for all i . Thus B/B1 ∼= Ha and, for i > 1, Bi−1/Bi ∼= Hai . From
N1 ∩ B1 = 1 we infer that
B/B1N = B/(B1 ×N1) ∼= Ha/Hb.
For each i > 1 we have Bi−1 ∩ CB(Wi) = Bi , Ni ⊆ Bi−1 and Ni ∩ Bi = 1. By definition
Bi−1 ∩N = Ni × · · ·×Nn. We conclude that BiN ∩Bi−1 = Bi(Bi−1 ∩N) = Bi ×Ni and
that
Bi−1N/BiN ∼= Bi−1/(Bi × Ni) ∼= Hai/Hb.
Hence the assertion.
It remains to prove the last statement (which is quite familiar). Pick a right transversal
(gi)i∈Ω to G1 in G. For every x ∈ G and i ∈ Ω we have gix = xigix for some
unique xi ∈ G1 and some unique permutation πx : i → ix belonging to S. Then x →
(CG1(W1)x1, . . . ,CG1(W1)xn) · πx is easily seen to be a group homomorphism from G
to H0 wrS, and it is injective since V = IndGG1(W1) is a faithful G-module. 
In particular, if B admits the H -grading {1(n)}, then B ∼= H(n) and G ∼= H wrS. Observe
that then BV ∼= (HW)(n) and so GV ∼= (HW)wrS as well. In general we do not know
much about the structure of G. In bounding k(GV ) for a critical pair (G,V ) we basically
will consider its permutation group S and the (distinguished) H -grading {ai} of B defined
above.
Lemma 3. Suppose S = G/B is transitive but not primitive. Let R be a proper subgroup
of G containing G1 = NG(W1) properly. Let X = CoreG(R). Then (X,V ) is a critical
pair of degree n whose permutation group SX = X/B has S-conjugate orbits Ω1, . . . ,Ωr
of size d = |G1X : G1|, where r = n/d . Let {Xj }rj=1 be an orbit grading to (X,V ) and
(Xj ,Uj ) be the resulting critical pairs of degree d (Lemma 1). Then at least (X1,U1) is
independent of the ordering of the X-orbits. We have k(GV ) k(G/X) ·∏rj=1 k(XjUj ),
and the following hold:
(a) (X1,U1) is transitive and a(X1,U1) a(G,V ), b(X1,U1) b(G,V ).
(b) Suppose that a(X1,U1) = 1. Then k(XjUj )  16d for all critical pairs (Xj ,Uj )
having a trivial permutation group.
Proof. Since V = IndGG1(W1), the first part of the lemma follows by Mackey decomposi-
tion and by definition of a critical pair. Use also Lemma 1 and formula (2). Note that d = 1
if and only if X = B (which may happen). For all j and all i the normalizer NXj (Wi) maps
onto a subnormal subgroup of H0 (notation as before) containing Hb as a normal subgroup
(b = b(G,V )). Hence assertion (a) follows by observing that B ⊆ X = CoreG(R), which
implies that B maps into the base group for (X1,U1) (not necessarily onto). For j > 1 the
group Xj maps injectively into X/CX(Uj ), which is G-conjugate to X1. So the base group
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for all i . So if a(X1,U1) > 1 then k(HaiW) 16 by (H). Assertion (b) follows by applying
formula (2) and noting that |Uj | = |W |d for all j . 
If we choose R in Lemma 3 such that G1 is maximal in R, then the permutation group
of any (Xj ,Uj ) acts as a subnormal subgroup (with subnormality index at most 2) of a
primitive group. If we choose R maximal in G, then G/X is a primitive permutation group
of degree |G : R|.
Now we describe the main result of the paper. We begin by stating some auxiliary results
which will be proved in the subsequent sections.
(P) If S is a primitive permutation 5′-group of degree n > 20, then k(S)  2n/5 (see
Section 4).
(Q) Suppose (G,V ) is a critical pair of degree n = 2,3 or 4. Then k(GV ) |V |/2 unless
n = 2 and GV ∼= (HW)(2) or GV ∼= HW × H2W , or n = 3 and GV ∼= (HW)(3) (see
Section 6).
(R) Suppose (G,V ) is a critical pair of degree n with transitive permutation group S. Then
k(GV ) |V |/2 for n = 6,8 or when S is primitive and 7 n 16 (see Section 7).
Let sn denote the maximum class number of the primitive permutation 5′-groups (if
any) of degree n. For n < 20 these groups are well known. We have s2 = 2, s3 = 3, s4 = 5,
s7 = 7, s8 = s9 = s11 = 11, s13 = 13, s14 = 15, s16 = 20, s17 = 17, s18 = s19 = 19.
Theorem B. Assume statements (P), (Q), (R) have been proved already. Then k(GV ) 
|V |/2 for every critical pair (G,V ) of degree n 2, with the exceptions for n = 2,3 stated
in (Q).
Proof. Let (G,V ) be a counterexample of minimal degree n. Then n  5 by (Q). We
proceed in three steps.
(i) S is transitive.
Assume the contrary. According to Lemma 1 we introduce the critical pairs (Xj ,Uj )
to the orbits of S, say with size nj . Since the degree nj < n by assumption, either
k(XjUj ) |Uj |/2 or nj = 1,2 or 3 and k(XjUj ) (4/5)nj · |Uj | by (H) and (Q). From
k(GV )
∏
j k(X
jUj ) and
∑
j nj = n 5 we get the desired contradiction.
(ii) S is primitive.
By (i), n = |G : G1| is not divisible by 5. Moreover, by the choice of (G,V ) and
by (i), (Q), (R) we have n  9. Assume S is not primitive. Then there is a maximal
subgroup R of G containing G1 = NG(W1) properly. Let X = CoreG(R), e = |G : R|
and d = |G1X : G1|. Then P = G/X is a primitive permutation 5′-group of degree e.
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1 j  n/d (Lemma 3). Clearly d is a divisor of n/e and d < n. By the choice of (G,V )
thus k(XjUj ) |Uj |/2 or d  3 and k(XjUj ) (4/5)d · |Uj |. By Lemma 3,
k(GV ) k(P ) ·
n/d∏
j=1
k
(
XjUj
)
.
If e > 20 then k(P )  2e/5 by (P). This yields the desired contradiction in each case. So
e < 20 and k(P ) se (with se as above). We have 2 e n/d and se · (1/2)e  1/2. This
reduces the discussion to the cases where d  3 and
∏n/d
j=1 k(XjUj ) (4/5)n · |V |. Now
n 2e and se · (4/5)2e  1/2 unless e = 2,3 or 4. If e = 2 then R = X and n = 2d  6,
a contradiction. If e = 3, then se · (4/5)n  3 · (4/5)n  1/2 as n  9. Thus e = 4. Then
we must have n 12. Now use that s4 · (4/5)12  1/2. This shows that S is primitive, as
asserted.
(iii) Conclusion.
Consider the trivial estimate k(GV ) k(S) ·(4/5)n ·|V | (Lemma 2 and (H)). For n > 20
we have 2n/5 · (4/5)n  1/2. Thus n < 20 by (ii), (P) and the choice of (G,V ). We also
have sn · (4/5)n  1/2 for n = 17,18,19. Since k(S)  sn by (ii), we are reduced to the
range 7 n 16. Now the result follows from the second part of (R). 
At this point let us recall that Theorem B, together with Theorem A, solves the
k(GV )-conjecture in the affirmative. Corollary 1 stated in the introduction is an immediate
consequence (k(G) < k(GV ) |V |). For the arguments leading to Corollary 2 we refer to
[28] (see in particular Theorem 13 in the paper by Robinson and Thompson).
Note. Let m 2 be an integer and p be a prime. Let G be an irreducible p′-subgroup of
GLm(p) acting on the standard module V = F(m)p . Suppose we have k(GV ) = |V |. Then,
by formula (3), the following are equivalent: G acts regularly on V ; k(G) = |V | − 1;
G is a Singer cycle in GLm(p); G is abelian. So let G be nonabelian. It follows from
Theorem B and the results in [27] that there exists a real vector v ∈ V for G. Then V is
a self-dual FpCG(v)-module (Corollary 5 in [28]), and there should be certain restrictions
on m,p (cf. Theorem 1 in [24]). In fact, we have few examples only, e.g., G ∼= Γ L1(pm)
for pm = 23 or 32, describing the cases where G is transitive on V  (in view of [12]), or
when G is a dihedral group of order 8 in GL2(3).
4. Primitive permutation 5′-groups
Suppose S is a permutation group of degree n. Kovács and Robinson [16] have shown
that k(S)  2n/2 if S is solvable and primitive and if n  5. In [27] it is proved that the
same estimate holds if S is any primitive group of degree n  7 and |S| not divisible by
3,5 or 7. Here we prove the following.
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Proof. The library of primitive groups of degree n  75 provided by [6] gives the result
for 20 < n 75. So let n > 75 in what follows. We invoke the O’Nan–Scott theorem (e.g.,
see [3]) and use that the simple 5′-groups are known.
Suppose first that S is of affine type. Then S has a minimal normal subgroup M =
CS(M) with |M| = n = qd for some prime q = 5. Since the Sylow q-subgroups of GLd(q)
have order qd(d−1)/2, the Sylow q-subgroups of S have order dividing qd(d+1)/2. Since S is
q-constrained with Oq ′(S) = 1, it has a unique q-block. From the result of Brauer and Feit
[2] mentioned in the introduction (see also [4, VII.10.14]) it follows that k(S)  qd(d+1).
This reduces the discussion to the cases where
nd+1 = qd(d+1) > 2qd/5.
But this can happen only for q = 2 and d = 7,8, or for q = 3 and d = 4 (since n > 75). For
q = 2 and d = 7 we have k(S) < |S|  218 · 27 < 2n/5 by Corollary 4.3 in Liebeck [17].
For q = 2 and d = 8 we have k(S) < 28 · |PSp8(2)| < 244 < 2n/5 by Theorem 5.1 in [17].
Let q = 3 and d = 4. Then S/M is an irreducible 5′-subgroup of GL4(3). From the
Atlas [1] we infer that S/M is a subgroup of Sp4(3) and, more precisely, a subgroup
of some Sp2(3)wrS2. We see that S/M has a 2-subgroup of index at most 9. Since the
k(GV )-conjecture holds for the prime q = 3 [27], we conclude that k(S) 9 · 34. Clearly
36 < 281/5.
Suppose next that S is of product type. Then n = ab > 75 for some integers a, b greater
than 1 and S is a subgroup of T wrSb , with T being a primitive subgroup of Sa . Let B
denote the base group of the wreath product. Then S ∩ B is a permutation group of degree
ab and hence k(S ∩B) 2ab−1 by Theorem 2 in Liebeck and Pyber [18]. Since S/(S ∩B)
is isomorphic to a subgroup of Sb , we similarly have k(S/(S ∩ B))  2b−1. By (2),
k(S) 2ab+b−2, which is less than 2ab/5 except when a = 9, b = 2. In the exceptional case
replace the Liebeck–Pyber bound by that obtained in Lemma 11 of [27] (for 5′-groups),
that is, replace the basis 2 by
√
3. Of course
√
318 < 281/5.
Suppose S is of diagonal type. Here the socle M of S is the direct power of r > 1 copies
of some simple 5′-group T and n = |T |r−1. Furthermore, S/M is isomorphic to a subgroup
of Sr × Out(T ). We have
k(S) k(T )r · ∣∣Out(T )∣∣ · 2r−1  |T |r+1  2n/5,
because k(T ) |T |/2, |Out(T )| |T | and |T | 168.
Hence we may assume that S is almost simple, whence T ⊆ S ⊆ Aut(T ) for some
simple nonabelian group T . Since T is a 5′-group, it is neither an alternating group nor
a sporadic group. So T is a group of Lie type, say of (untwisted) Lie rank l over Fq . By
Theorem 1 in [18], k(T ) (6q)l . Since T is a 5′-group, it belongs to one of the following
six Lie types: A1, A2, 2A2, G2, 2G2 or 3D4. Suppose first that T ∼= A1(q) = L2(q).
Then n  q + 1 by a classical result of Galois (and Dickson), noting that n > 75. Also,
k(T ) q+1 (Schur) and |Out(T )| 2 · log2 q . The assertion follows. So let l  2. Arguing
as in the proof for Proposition 1.9 in [18] we obtain that either
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(ii) T ∼= 3D4(2) or 2G2(q).
If T ∼= 3D4(2) then n 819 and k(S) = 35 or 49 [1]. For the Ree group 2G2(q) from
Ward [29] we get n q3 + 1 and k(S) (q + 8) log3 q , which also is as required. Hence
we may assume that (i) holds. Then, as in [18], it suffices to verify the inequality
(6q)l
∣∣Out(T )∣∣ 2(ql+1−1)/(5(q−1)).
For l = 2 this holds unless q  7. For l = 4 the inequality is true except when q = 2.
The case T ∼= 3D4(2) being treated already it remains to examine the simple 5′-groups
T ∼= A2(3), 2A2(3), A2(7), 2A2(7), G2(3) and G2(7). Except for G2(7) these groups are
in the Atlas, from which we get the desired statement. Finally, if T ∼= G2(7) then S = T
and n > 7(72 − 1) by Landazuri and Seitz [19], for instance, so that 2n/5 is much larger
than |S| = 76(72 − 1)(76 − 1). This completes the proof. 
Remark. We need some further information on primitive permutation 5′-groups S of low
degree n, namely in the range 7 n 16. Recall that k(S) sn (Section 3). The following
has been checked with the help of GAP [6].
Let S∆ be the stabilizer in S of a t-subset ∆ of Ω = {1, . . . , n} for some 1 t < n. Then
k(S∆) |S : S∆| except when n = 16 and t = 4,8 or 12 (where at least k(S∆) 2|S : S∆|,
the worst group being S = S4 wrS2). Considering the partitions of Ω into r parts we have∑
σ∈Σ(n,r)
k(Sσ )/|S : Sσ | σ(n, r)
for all r = 2, . . . , n. Here the notation is as in Section 2.
5. The standard bounds
Let (G,V ) be a critical pair of degree n 2 with transitive permutation group S = G/B
acting on the index set Ω . Assume that Ω is ordered such that {ai}i∈Ω is the (increasing)
H -grading of B . Let a = a1 = a(G,V ) and b = an = b(G,V ) be the basic invariants.
We write kai = k(Hai ) and k(ai) = k(HaiW) − kai (H). In view of Theorem 1 and the
discussion in Section 3 we may and do assume that n 16.
Theorem 2. Suppose that G ∼= H wrS, that is a = 1 = b (Lemma 2), and that S is
primitive. Then k(GV )  |V |/2. More precisely, we have k(GV ) = 230 for n = 2 and
k(GV ) = 2.720 for n = 3 and S ∼= A3 and k(GV ) = 1.960 if S ∼= S3. For n = 4 we have
k(GV ) = 13.685 if S ∼= S4 and k(GV ) = 14.710 if S ∼= A4.
Proof. By assumption GV ∼= (HW)wrS. So k(GV ) = fS(k) for k = k(HW) = 20 (cf.
Section 2). We compute the functions fS for primitive S in degrees 2,3,4 and give an
estimate otherwise.
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Hence fS(k) = 2k + k(k − 1)/2. Let n = 3. There are σ(3,2) = 3 partitions σ of Ω into 2
parts. Then Sσ = 1 when S = A3 and |Sσ | = 2 when S = S3. If k  3 then
fS3(k) = 3k + 2 · 3k(k − 1)/3 +
(
k
3
)
= k3/6 + 3k2/2 + 4k/3.
Similarly, fA3(k) = 3k + 3k(k − 1)/3 + k(k − 1)(k − 2)/3 = k3/3 + 8k/3. We have
fS3(2) = 10 and fA3(2) = 8.
Let n = 4. There are σ(4,2) = 7 partitions σ of Ω into 2 parts, where 3 have equal
parts. If σ has equal parts then Sσ ∼= C2 × C2 for S = S4 and |Sσ | = 2 for S = A4,
and otherwise Sσ ∼= S3 respectively Sσ ∼= A3. There are σ(4,3) =
(4
2
) = 6 partitions σ
into 3 parts, and |Sσ | = 2 for S = S4 and Sσ = 1 for S = A4. For k  4 we obtain
fS4(k) = 5k+ 4(3k(k− 1)r)/6 + 3(4k(k− 1))/4 + 2(6k(k− 1)(k − 2))/12 +
(
k
4
)
. In other
words,
fS4(k) = k4/24 + 3k3/4 + 59k2/24 + 7k/4.
Similarly, fA4(k) = 4k+2(3k(k−1))/6+3(4k(k−1))/4+6k(k−1)(k−2)/12+2
(
k
4
)=
k4/12 + 41k2/12 + k/2. Also, fS4(2)= 20 and fA4(2) = 16.
It is immediate that fS(20) is as indicated for all these S, and that fS(20) |V |/2. So
let S be primitive of degree n  7 (n 16). We show that fS(k)  kn in this case for all
k  n. Since (4/5)7  1/2, this will complete the proof.
Consider the expansion for fS(k) (Section 2). Extract the first summand k(S) · k and the
last one k(k − 1) · · · (k − n + 1)/|S| = n!(k
n
)
/|S|. By the remark after Theorem 1 we have∑
σ∈Σ(n,r) k(Sσ )/|S : Sσ | σ(n, r) for r = 2, . . . , n − 1. We conclude that
fS(k) k(S) · k + n!
(
k
n
)/|S| +(kn − k − n!(k
n
))
.
Here we used the (known) identity ∑nr=1 k(k − 1) · · · (k − r + 1)σ (n, r) = kn. Clearly
k(S) n!(k
n
)
/(kn) and |S| n. It follows that fS(k) kn, as claimed. 
Theorem 2′. Suppose that S is primitive of degree n = 2,3 or 4 and that a = 2 = b. Let
k = k(H2W) = 16. Then k(GV ) = fS(k) if S is isomorphic to S2, A3 or to A4, and in all
cases k(GV ) |V |/4.
Proof. Now B = N may be identified with H(n)2 and BV with (H2W)(n) . Let H0 be the
image in H of any Gi (cf. Section 3). If H0 = H2 then G ∼= H2 wrS, and k(GV ) = fS(k)
as in Theorem 2. Now assume that H0 = H2, that is, H0 = H . Embed G in Ĝ = H wrS =
H(n) · S0 and GV into (HW)(n) · S0 where S0 ∼= S is viewed as a subgroup of Sn
(Lemma 2). Then S = G/B is a complement to H(n)/B in Ĝ/B as it is S0 = S0B/B .
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an element in G, where the n-tuple (xi) is in the base group H(n) and πx ∈ S0. Then
(χ1 ⊗ · · · ⊗ χn)x = χ
x1π−1x
1π−1x
⊗ · · · ⊗ χ
x
nπ
−1
x
nπ−1x
.
Here πx = πs only depends on the coset s = Bx in G/B . It follows that χ is stable under
s if and only if
χiπs = χxii
for all i . Here the cosets H2xi are determined by s as B acts trivially on Irr(BV ).
Now H(n)/B is nothing but the permutation module of S0 over F2. If S0 = S2, S0 = A3
or S0 = A4, then the module is projective having trivial 1-cohomology. Thus in this case S
and S0 are conjugate in Ĝ/B , say S = Sh0 for some h = (hi) in H(n)/B . Then hsh−1 = πs
and H2xi = hi · h−1iπs for all i . Hence χ is stable under s if and only if χ
hiπs
iπs
= χhii for all i .
It follows that
IS(χ) = Sσ(χh).
This holds for all χ ∈ Irr(BV ). We conclude that k(GV ) = fS(k) as before.
Let S ∼= S3. Then GV has a subgroup of index 2 which falls into the A3 case. Hence
k(GV ) 2 · fA3(k) = 2k3/3 + 16k/3 = 2.816.
This is less than |V |/5. Similarly, if S ∼= S4 then GV has a subgroup of index 2 which falls
into the A4 case. It follows that k(GV ) 2 ·fA4(k) = k4/6+41k2/6+ k = 12.688, which
is less than |V |/30. 
Usually we shall compute k(GV ) on the basis of formula (3). So we first have to
bound k(G). We introduce standard bounds for k(G) in the degrees n = 2,3,4 (for
primitive S). The trivial bound for k(G) (Lemma 2) will be called “standard” if n = 3 or 4
and either a = b or (a, b) is equal to (2,3), (4,5), (4,6), (7,9) or (7,10). Observe from
(H) that in these latter cases Ha is a central product of Hb and H8 = Z(H). Otherwise the
standard bound will be given in Theorem 3 below. We introduce the following functions
fn on integers k  2 for n = 2,3,4. Let f2 = fS2 , that is, f2(k) = k2/2 + 3k/2. Let
f3(2) = fS3(2) = 10, f4(2)= fS4(2) = 20, and define otherwise
f3(k) =
⌊
k3/3 + 5k⌋, f4(k) = ⌊k4/6 + 4k2 + 13k⌋.
The definition is such that fn(k) fSn(k) and fn(k) fAn(k) for all n, k.
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trivial bound for k(G) is standard we have the (standard) estimate
k(G) fn(kb) ·
n−1∏
i=1
k(Hai/Hb).
Proof. Recall that N = N1 × · · · × Nn with Ni ∼= Hb and that {Hai /Hb}n−1i=1 is a normal
grading of B/N (Lemma 2). From (1) and (2) we know that
k(G)
∑
χ∈Irr(N)
k(IS(χ))
|S : IS(χ)| ·
k(IB(χ)/N)
|B : IB(χ)| .
Here we use the notation IS(χ) = IG(χ)B/B ∼= IG(χ)/IB(χ). We shall first show that
k(IB(χ)/N)
∏n−1
i=1 k(Hai /Hb).
Let χ = χ1 ⊗ · · · ⊗ χn be an irreducible character of N (χi ∈ Irr(Ni)). Since Ni and
CB(Wi) are normal in B with Ni ∩CB(Wi) = 1, the centralizer CB(Ni) ⊇ CB(Wi) and so
the inertia group IB(χi) ⊇ NiCB(Wi). Thus
IB(χi)/CB(Wi) ∼= IHa (χi).
The inertia group IB(χ) (⊇ N) is nothing but the set of all elements of B mapping
into IHa (χi) for all i . Put Bi = CB(W1 ⊕ · · · ⊕ Wi) and Ki = IB(χ) ∩ BiN . Letting
K1 = IB(χ)/K1 and Ki = Ki−1/Ki for i > 1 we get a normal grading of IB(χ)/N , each
section Ki mapping isomorphically into Hai /Hb. We even know that the image of Ki is
contained in IHai (χi)/Hb. From the last sentence in (H) we infer, by applying (2), that
k
(
IB(χ)/N
)

n−1∏
i=1
k
(
IHai (χi)/Hb
)

n−1∏
i=1
k(Hai /Hb).
Now replace k(IB(χ)/N), for each χ , by the upper bound on the right. It then remains to
show that the largest integer not exceeding
fS =
∑
χ∈Irr(N)
k(IS(χ))
|B : IB(χ)| · |S : IS(χ)|
is bounded from above by fn(kb) for S ∼= Sn and S ∼= An. In order to prove this we embed
G into H0 wrS as in Lemma 2. Recall that this H0 is a subnormal subgroup of H containing
Ha and Hb as normal subgroups.
Let us first consider the case n = 2. Then S = 〈s〉 has order 2. Pick x ∈ G with Bx = s
and write x = (x1, x2) · πs with xi ∈ H0 and transposition πs = (12). Suppose χ1 ⊗ χ2 is
an irreducible character of N which is left invariant by x . Then χ2 = χx11 (and χ1 = χx22 ).
Altering x in the class s amounts to replacing the xi by hixi for certain hi ∈ Ha with
(h1, h2) ∈ B . If χ1 is Ha-stable so is χ2 = χx1 , because x1Ha = Hax1, and then χ2 is1
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irreducible characters χ of N with fixed first component χ1 for which IS(χ) = S. There
are at most |Ha : IHa (χ1)| |B : IB(χ)| such characters χ . Now let Γ denote the set of all
χ ∈ Irr(N) with IS(χ) = S, and let
γ =
∑
χ∈Γ
1
|B : IB(χ)| .
Then γ  kb (varying the first component χ1) and fS  2 · γ + (k2b − |Γ |)/2. But clearly
γ  |Γ | and therefore fS  2 · γ + (k2b − γ )/2 f2(kb).
So let n = 3 or n = 4 in what follows. We associate to an irreducible character
χ = χ1 ⊗ · · · ⊗ χn of N the partition σ0(χ) of Ω consisting of those subsets where the
components χi are H0-conjugate and which are maximal with this property. Arguing as in
the proof of Theorem 2′ we see that IS(χ) is a subgroup of Sσ0(χ), the stabilizer in S of
σ0(χ). We have k(IS(χ))/|S : IS(χ)| k(Sσ0(χ))/|S : Sσ0(χ)| by formula (0). Letting
γσ =
∑
χ∈Irr(N)
σ0(χ)=σ
1
|B : IB(χ)|
for each partition σ of Ω we therefore have fS 
∑
σ γσ · k(Sσ )/|S : Sσ |. If Hb is central
in H0, then N is central in H(n)0 and σ0(χ) = σ(χ), IS(χ) = IG(χ)/B = Sσ(χ) for all χ .
Hence then fS = k(Hb wrS) = fS(kb)  fn(kb). We therefore may rule out the cases
b = 11 (kb = 2) and b = 8 where Hb is central in H . (We have kb = 4 for b = 8 and
b = 9,10. Note that f3(4) = 41, fS3(4) = 40 and f4(4) = 194, fS4(4)= 137.) If b = 6 then
Ha and H0 are subgroups of H4 = H6 ◦H8. Thus b = 6 likewise, because by hypothesis the
trivial bound for k(G) is not standard. From (H) we thus may infer that CHa (Hb) does not
cover Ha/Hb and that there are irreducible characters of Hb which are not stable under Ha .
More precisely, from (H) we may deduce the following. All irreducible characters of
Hb which are not stable have either 3 or 2 conjugates under Ha ; similar statement with
regard to H0. Consequently ∣∣Ha : IHa (ζ )∣∣= ∣∣H0 : IH0(ζ )∣∣
for all ζ ∈ Irr(Hb). Recall that if ζ = χi is a component of χ ∈ Irr(N), then the index
|Ha : IHa (χi)| is a divisor of |B : IB(χ)|. Let us write kb = k + k′ respectively kb = k + k′′
where k is the number of irreducible characters of Hb which are stable under Ha , and
where k′ respectively k′′ count those with 3 respectively 2 conjugates under Ha (or H0).
We have k  2, and if k′ > 0 then b = 4 or 5 and k′/kb = 3/5. If k′′ > 0 then b = 2,3 and
k′′/kb = 4/7, or b = 7,9,10 and k′′/kb = 1/2.
Let n = 3. Suppose first that k′ > 0. There are just k + 32k′ irreducible characters
χ = χ1 ⊗ χ2 ⊗ χ3 of N such that all χi are conjugate under H0 (or Ha). There are just
k(kb − 1)+ 3k′(kb − 3) characters χ where σ0(χ) is a fixed partition of Ω = {1,2,3} into
2 parts. We conclude that if S ∼= S3 then fS  3(k + 32k′/3) + 2(3k(k − 1 + k′/3) + 3 ·
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this inequality may be written as
fS  k3b/6 − 7kbk′/3 + 4k′2/3 + 4kb/3 + 14k′/3.
The term on the right is equal to k3b/6 + 29k2b/50 + 62kb/15 since k′/kb = 3/5, and this is
less than k3b/3 + 3kb as kb  5. For S ∼= A3 we get
fS  3
(
k + 32k′/3)+ (k3b − k − 32k′)/3 = k3b/3 + 14kb/3.
Thus for both groups k3b/3 + 5kb is an upper bound for fS , as desired. We show that this
bound also holds when k′′ > 0. Then there are exactly k + 22k′′ characters χ ∈ Irr(N) with
σ0(χ) = Ω . There are just k(kb − 1) + 2k′′(kb − 2) characters χ where σ0(χ) is a fixed
partition of Ω into 2 parts. For S ∼= S3 we get
fS  k3b/6 + 3k2b/2 − 3kbk′′/2 + k′′2 + 4kb/3.
If k′′/kb = 1/2 the expression on the right equals k3b/6 + k2b + 4kb/3, and this is less
than k3b/3 + 3kb as kb  4. Otherwise we have k′′/kb = 4/7 and the term is equal to
k3b/6 + 17k2b/14 + 4kb/3, which is also less than k3b/3 + 3kb since now kb  7 (H). For
S ∼= A3 we get
fS  3
(
k + 22k′′/2)+ (k3b − k − 22k′′)/3 = k3b/3 + 8kb/3 + 6k′′/3.
This bound is less than k3b/3 + 4kb in both cases (k′′/kb = 1/2 or 4/7).
Let n = 4. Suppose first that k′ > 0. There are k + 33k′ irreducible characters χ =
χ1 ⊗ χ2 ⊗ χ3 ⊗ χ4 of N where all components χi are conjugate under H0 (respectively
Ha). There are k(k − 1 + 3k′) + 3k′(k + 3(k′ − 3)) characters χ where σ0(χ) is a fixed
partition of Ω = {1,2,3,4} into 2 equal parts. There are k(kb−1)+32k′(kb−3) characters
χ where σ0(χ) is a fixed partition of Ω into 2 parts of different sizes. The characters χ
for which σ0(χ) is a partition of Ω into 3 or 4 parts are treated together, for simplicity.
Then Sσ0(χ) is generated by a transposition or is trivial, and the upper bound given for
S ∼= S4 by our method automatically will be worse than that for S ∼= A4. So let S ∼= S4.
Then fS  5(k + 33k′/3) + 4(3k(k − 1 + 3k′/3) + 3 · 3k′(k + 3k′ − 9)/3)/6 + 3(4k(k −
1 + k′/3)+ 4 · 32k′(kb − 3)/3)/4 + 2(k4b − k − 33k′ − 3k(k − 1 + 3k′)− 3 · 3k′(k + 3k′ −
9)− 4k(kb − 1)− 4 · 32k′(kb − 3))/12. Using that k + k′ = kb this gives
fS  k4b/6 + 23k2b/6 − 10kbk′/3 + 4k′2 + kb + 26k′.
The term on the right is equal to k4b/6+491k2b/150+83kb/5 since k′/kb = 3/5. Using that
kb = 5 or 10 we obtain that fS  k4b/6 + 4k2b + 13kb. Hence fS f4(kb), as desired. Let
k′′ > 0 (and S ∼= S4). There are exactly k + 23k′′ characters χ ∈ Irr(N) with σ0(χ) = Ω .
There are k(k−1+2k′′)+2k′′(k+2(k′′ −2)) characters χ where σ0(χ) is a fixed partition
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fixed partition of Ω into 2 parts of different sizes. Arguing as before we get
fS  k4b/6 + 23k2b/6 − 3kbk′′/2 + 3k′′2 + kb + 7k′′.
Using that k′′/kb = 1/2 or 4/7 and that kb  4 one checks that here k4b/6 + 4k2b + 5kb is
an upper bound for fS . This completes the proof. 
Remark. Replacing N by NV and kb = k(Hb) by k(HbW) the proof for Theorem 3 may
be adapted in order to get an upper bound for k(GV ). In particular, the argument given
when n = 2 carries over yielding the corresponding estimate
k(GV ) f2(HbW) · k(Ha/Hb).
This bound is best possible (and we have equality) if a = b is 1 or 2, in view of
Theorems 2, 2′. We shall apply this also in some other cases (cf. the proof of Proposition 1
below).
Now let v ∈ V be a nonzero vector. Write uniquely v =∑ni=1 wi (wi ∈ Wi ). We say
that v is a t-vector (v ∈ Vt ) provided exactly t of the wi are not zero. The sets Vt are
G-invariant and pairwise disjoint (1 t  n). We define
k(GVt) =
∑
v∈Vt
k
(
CG(v)
)/∣∣G : CG(v)∣∣.
Thus formula (3) tells us that k(GV ) = k(G)+∑nt=1 k(GVt).
Theorem 4. Let ∆ ⊆ Ω be a t-subset and v =∑j∈∆wj be a t-vector with support ∆
(1 t  n). Then k(CB(v))
∏
j∈∆ |CHaj (wj )| ·
∏
j /∈∆ kaj . If S is t-homogeneous, then
k(GVt) k(S∆) ·
t∏
i=1
k(ai) ·
n∏
i=t+1
kai .
Proof. Of course, we identify the wj in the given way with vectors in W . We know that
CHaj (wj ) has order 1,2 or 4 for each j ∈ ∆ (H). Put again Bi = CB(W1 ⊕ · · · ⊕ Wi).
Then K1 = CB(v) ∩ B1 is the kernel of the action of CB(v) on W1. If 1 /∈ ∆ then
k(CB(v)/K1) k(Ha1), because CB(v)/K1 is isomorphic to a subgroup of Ha1 , and (H)
applies. If 1 ∈ ∆ then CB(v) ⊆ CB(w1) and
k
(
CB(v)/K1
)
 k
(
CB(w1)/B1
)= ∣∣CHa1 (w1)∣∣.
Let next K2 = K1 ∩B2 be the kernel of the action of K1 on W2. If 2 /∈ ∆ then k(K1/K2)
k(Ha2) = ka2 in view of (H). If 2 ∈ ∆ then CK1(v) ⊆ CB1(w2) and
k
(
CK1(v)/K2
)
 k
(
CB1(w2)/B2
)= ∣∣CHa (w2)∣∣.2
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similar argument the size of the B-orbit of v is at least equal to
∏
j∈∆ |Haj : CHaj (wj )|.)
Note that |Vt | =
(
n
t
) · |W|t = (n
t
) · 24t . The group B has at least (n
t
)
orbits on Vt , and
these are fused by S according to its action on the t-subsets of Ω . Now assume that S is
t-homogeneous. Then every t-subset of Ω is conjugate under S to ∆ = {1, . . . , t} (which
is adapted to the H -grading of B). Let V∆ be the set of t-vectors of V with support ∆. By
definition in (H), and by formula (3), k(ai) is the sum over the |CHai (w)| where w varies
over a set of representatives of the Hai -orbits on W. Hence
∑
v∈V∆
k
(
CB(v)
)/∣∣B : CB(v)∣∣ t∏
i=1
k(ai) ·
n∏
i=t+1
kai .
Let S∆ = G∆/B so that |G : G∆| = |S : S∆| =
(
n
t
)
. We have CG(v) ⊆⋂ti=1 Gi ⊆ G∆ for
any v ∈ V∆. Now V∆ ∩ V∆′ = ∅ if ∆′ is a t-subset of Ω different from ∆, and V∆′ is
conjugate to V∆ under G. We infer that
k(GVt) =
∑
v∈V∆
k
(
CG(v)
)/∣∣G∆ : CG(v)∣∣.
For any v ∈ V∆ we have k(CG(v)) k(CB(v)) · k(CG(v)/CB(v)) by formula (2), and we
have k(CG(v)/CB(v))/|G∆ : CG(v)B|  k(S∆) by formula (0). Consequently k(GVt)
k(S∆)
∑
v∈V∆ k(CB(v))/|B : CB(v)|. The result follows. 
The second statement in Theorem 4 is called the standard bound for computing k(GVt)
(assuming that S is t-homogeneous). This applies, at any rate, when t = 1, t = n − 1 (S is
transitive) or when t = n.
Observe that the standard bounds involve only calculations with integers. The group has
disappeared.
6. Critical pairs of degree 2, 3, 4
In the subsequent sections the methods developed above will be applied in order to
handle statements (Q) and (R). We begin with the study of critical pairs (G,V ) of degree
n = 2,3,4. If the permutation group S = G/B is primitive, by Theorems 2, 2′ we may
exclude the cases where a(G,V ) = b(G,V ) is 1 or 2. It turns out that then the standard
bounds (Theorems 3, 4) suffice unless n = 2 and B admits the H -grading {10(2)}, {11(2)}
or {10,11}.
Proposition 1. If (G,V ) is a critical pair of degree 2, then k(GV )  |V |/2 unless
GV ∼= (HW)(2) or GV ∼= HW ×H2W .
Proof. Let first S = 1 (G = B). By Lemma 2 and (H) then either k(GV )  |V |/2 or
GV has one of the structures as asserted, or G may be identified with the subgroup
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We have to rule out this latter possibility (where N ∼= H2 × H2 has index 2 in G and
G acts on each direct factor like H ). Using that exactly 6 irreducible characters of H2
are invariant in H we get k(G)  2 · 62 + (142 − 62)/2 = 152. Furthermore, G = B
has exactly 3 orbits on V . Application of Theorem 4 and of formula (3) yields that
k(GV ) 152 + 2 · (14 · 4)+ 4 · 2 = 272 (as k(H2) = 14, k(1)= 4 and k(2)= 2).
So assume that S = 1 is transitive. Let {a, b} be the H -grading of B , and let k =
k(HbW), kb = k(Hb) (as usual). By Lemma 2 and Theorem 2 we may assume that b > 1.
Then k  16 (H). If a = b then
k(GV ) f2(k) 162/2 + 3 · 16/2 = 152
by the remark after Theorem 3. So let a < b. Consider the grading {10,11}. Here the
standard bounds do not suffice since f2(2) · 2 = 10, k(10) · k11 = 24 and 2 · k(10) · k(11)=
288. But by the remark after Theorem 3 once again we also have the estimate k(GV ) 
f2(14) · k(H10/H11) = 238. So exclude also this grading (so that at least one of k(a) or
k(b) is less than 12 (H)). Applying the standard bounds we get
k(G)
(
k2b/2 + 3kb/2
) · k(Ha/Hb),
k(GV1) 1 · k(a) · kb,
k(GV2) 2 · k(a) · k(b).
It is now straightforward to verify that k(GV ) = k(G) + k(GV1) + k(GV2)  |V |/2 in
each remaining case. 
Proposition 2. If (G,V ) is a transitive critical pair of degree 2 with a(G,V ) = 1, then
k(GV ) 230.
Proof. By hypothesis we have to deal with H -gradings {1, b} for certain b. If b = 1
then G ∼= H wrS2 and k(GV ) = 230 by Theorem 2. Consider next the grading {1,2}.
In this case the standard bounds yield the bad estimate k(GV )  310 (< 625/2). We
have to improve that bound. From (H) we read off, as before, that just k = 6 irreducible
characters of H2 are invariant in H = H1 (and k′′ = 8 are not). We argue as in the proof
for Theorem 3. But note that H = H0, and that G has index 2 in H wrS. Exactly k2 = 36
irreducible characters χ = χ1 ⊗ χ2 of N ∼= H2 × H2 have inertia groups containing B ,
from which exactly 6 are G-invariant. There are at most 2k′′ = 16 characters χ with
IG(χ) = N,B,G (which is possible only when G/N is not cyclic). It follows that at least
142 − 36 − 16 = 144 irreducible characters χ of N have IG(χ) = N and so by (1),
k(G) 6 · 4 + 6 · 5 · 2/2 + 8 · 2 · 2/2 + 144/4 = 106.
Using the standard bounds for k(GV1) and k(GV2) (Theorem 4) we get k(GV ) 178.
Consider the grading {1,4}. Here B/N ∼= S3 and G/N ∼= S3 × C2 (as S3 is a complete
group). H4 ∼= Q8 ◦ C4 has k = 4 irreducible characters which are H -invariant, the other
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irreducible characters of N ∼= H4 × H4 whose inertia group contains B , and exactly 4 of
them are G-invariant. There are at most 3k′ = 18 further characters of N for which the
inertia group is not contained in B . All remaining (102 − 34 = 66) characters have inertia
groups of order at most 2 mod N . This gives
k(G) 6 · 4 + 4 · 18/3 + 3 · 12/2 + 2 · 66/6 = 88.
Using the standard bounds (Theorem 4) we get k(GV )  88 + 40 + 48 = 176. For all
remaining b = 3,5,8,11 the standard bounds give the desired estimate. 
We leave it as an exercise to verify that the above estimate holds in all cases (S = 1).
With the help of [6] it has been shown that even k(GV ) 152 unless G ∼= H wrS2. (The
bound 152 is best possible since it is attained by Theorem 2′ when a = 2 = b.) For our
purposes Proposition 2 suffices (in order to handle some imprimitive cases below).
Proposition 3. If (G,V ) is a critical pair of degree n = 3, then k(GV )  |V |/2 unless
GV ∼= (HW)(3).
Proof. Let S = G/B be the permutation group to (G,V ). Recall that B is a fibre-
product of the B/CB(Wi). If S = 1 and k(GV ) > |V |/2, then GV ∼= (HW)(3) since
(4/5)2 · 16/25  1/2 (H). If |S| = 2 then, applying Lemma 1 and Proposition 1, we get
k(GV )  1/2 · 4/5 · |V |, which is as required. So we may assume that S is transitive
(primitive) in what follows, i.e., S ∼= S3 or A3. We have k(S) = 3, and S is t-homogeneous
for t = 1,2.
Let {a, c, b} be the H -grading of B . As usual let ka = k(Ha), kb = k(Hb), kc = k(Hc)
and let k(a), k(b), k(c) be as in (H). By Theorems 2, 2′ we may exclude the cases
where a = b is 1 or 2. Consider the standard bounds taking the worse case S ∼= S3.
Then k(G) 3 · ka · kb · kc if a = b > 2 or (a, b) is (2,3), (4,5), (4,6), (7,9) or (7,10).
Otherwise
k(G) f3(kb) · k(Ha/Hb) · k(Hc/Hb), k(GV1) 2 · k(a) · kc · kb,
k(GV2) 2 · k(a) · k(c) · kb, k(GV3) 3 · k(a) · k(c) · k(b).
This yields k(GV ) = k(G)+ k(GV1)+ k(GV2)+ k(GV3) |V |/2 in all cases. 
Comment. This may be checked by a computer. However, this is not needed in order to
convince oneself that the statement is correct. The “bad” pairs (G,V ) are those where
S ∼= S3 and where either the standard bound for k(G) is large (H -gradings {1(2), b} with
b = 2,4,5), or those where the standard bounds for the k(GVt) are large (H -gradings
involving only 10 and 11). For example, if the grading is {1(2),2}, then k(G)  f3(k2) ·
k(H/H2)2 = 3.936, but the other standard bounds are rather small, namely k(GV1) 
1.568, k(GV2)  448 and k(GV3)  64. Thus k(GV )  6.016. (Embedding GV into
H wrS3 from Theorem 2 we get the bound 1.960 · 2 = 3.920.) For the grading {10(3)} we
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the (worst) standard estimate k(GV ) 6.912.
Proposition 4. If (G,V ) is a critical pair of degree 4, then k(GV ) |V |/2.
Proof. If the permutation group S = G/B of (G,V ) is trivial, then k(GV ) = k(BV ) 
(4/5)4 · |V | by Lemma 2, and this is as required. If S = 1 is not transitive, there are
S-orbits of size 2 respectively 3 and the result follows from Lemma 1 by referring either
to Proposition 1 or to Proposition 3. So let S be transitive.
Suppose first that S is not primitive. Let G1 ⊂ X ⊂ G be a proper intermediate group. Of
course X is normal in G (with index 2). Let (X1,U1) and (X2,U2) be the critical pairs of
degree 2 associated to (X,V ) according to Lemma 3. We know that (X1,U1) is transitive.
By Proposition 1 we have k(X2U2)  400. If a(X1,U1) = 1 then k(X1U1)  230 by
Proposition 2 and hence
k(GV ) 2 · k(X1U1) · k(X2U2) 12 · |V |.
So let a(X1,U1) = 1. Then either (X2,U2) is transitive and k(X2U2)  252/2 by
Proposition 1, or k(X2U2) 162 by Lemma 3. The result follows.
Hence we are reduced to the cases where S is primitive. So S ∼= S4 or S ∼= A4 is
t-homogenous for all t . Excluding the cases where a(G,V ) = b(G,V ) is 1 or 2, where
Theorems 2, 2′ apply, the standard bounds give the desired estimate. 
Again one needs no computer in order to convince oneself that this works. As before
the bad cases are those where S is the symmetric group and the H -gradings either are
{1(3), b} with b = 2,4,5 or those involving only 10 and 11. For example, if the grading
is {1(3),2}, the standard bounds are k(G)  f4(14) · 23 = 58.944, k(GV1)  43.008,
k(GV2)  14.336, k(GV3)  2.688, k(GV4)  640, whence k(GV )  119.616. (From
Theorem 2 we get the bound 13.685 · 2 = 27.370 here.) The worst standard bound is
obtained when the grading is {10(4)}, namely k(GV ) 137.216.
7. Statement (R)
We have to treat transitive critical pairs of degree n = 6,8, and those where the
permutation group is primitive and 7 n 16.
Proposition 5. Let (G,V ) be a critical pair of degree 6 with transitive permutation group
S = G/B . Then k(GV ) |V |/2.
Proof. Since S cannot be primitive, Lemma 3 applies. Let G1 ⊂ R ⊂ G be a proper
intermediate group. Let X = CoreG(R). If possible choose R such that |G : R| = 2, in
which case X = R.
Suppose first that |R : G1| = 3 (R = X). Then k(G/X) = 2. Let (X1,U1) and (X2,U2)
be the critical pairs of degree 3 resulting from (X,V ) according to Lemma 3. Then
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This latter case cannot happen if b(G,V ) = 1, because B ⊆ X and X2 = CX(U1). But
if b(G,V ) = 1 then b(X1,U1) = 1 by Lemma 3 and X1 ∼= H wrS1 by Lemma 2 (with
S1 ∼= A3 or S3). In this case k(X1U1) 2.720 by Theorem 2. Now use that 2 ·2.720 ·203
|V |/2.
Let |R : G1| = 2. Then either G1X = R or X = B is the base group of (G,V ). In the
latter case X = G1 = B and G/X ∼= S3. But then G has a (normal) subgroup with index 2
containing G1, contrary to the choice of R. Hence G1X = R. As usual let (Xj ,Uj ) be
the critical pairs of degree 2 obtained from (X,V ) (1  j  3). We know that (X1,U1)
is transitive. By Proposition 1 we have k(XjUj ) 400 for j > 1. If a(X1,U1) = 1 then
k(X1U1) 230 by Proposition 2 and so
k(GV ) 3 · 230 · (400)2  1
2
· |V |.
So let a(X1,U1) = 1. For each j , either (Xj ,Uj ) is transitive, where Proposition 1 applies,
or k(XjUj ) 162 by Lemma 3. The result follows. 
Proposition 6. Suppose (G,V ) is a critical pair of degree 8 whose permutation group S is
transitive but not primitive. Then k(GV ) |V |/2.
Proof. Choose a proper intermediate group G1 ⊂ R ⊂ G and, if possible, such that
|G : R| = 2. If we can choose R in this way, Lemma 1 and Proposition 4 imply that
k(RV ) (1/2)2 · |V |, and we are done. So let |R : G1| = 2 be the only possible choice. Let
X = CoreG(R). If G1X = R then X = B and either X = G1 or S = G/X is isomorphic
to S4. But in both cases there is a subgroup of G above G1 with index 2 in G, contrary to
our choice of R. Hence G1X = R and G/X is isomorphic to S4 or A4.
Let (Xj ,Uj ) be the critical pairs of degree 2 resulting from (X,V ) according to
Lemma 3 (1  j  4). As usual let X1 = X/CX(U1) so that (X1,U1) is transitive. If
a(X1,U1) = 1 then k(X1U1) 230 by Proposition 2. We are done since k(XjUj ) 400
for j > 1 by Proposition 1 and since
5 · 230 · 4003  1
2
· |V |.
So let a(X1,U1) = 1. For each j , either (Xj ,Uj ) is transitive, where Proposition 1 applies,
or k(XjUj ) 162 by Lemma 3. The assertion follows. 
Proposition 7. Let (G,V ) be a critical pair of degree n with primitive permutation group
S, where 7 n 16. Then k(GV ) |V |/2.
Proof. We shall make use of the information given in the remark after Theorem 1. Recall
also that sn denotes the maximum class number of any primitive permutation 5′-group of
degree n (Section 3).
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sn ·
n∏
i=1
k(HaiW) >
1
2
· |V |
by the trivial estimate (Lemma 2). This implies that a = 1 (Ha = H ) so that all Hai are
normal subgroups of H (H). The above even forces that the multiplicity, say µn, of 1 in
the grading is at least 3,3,5,9,12,13,16 for n = 7,8,9,11,13,14,16, respectively. By
Theorem 2 we may assume that a < b, whence µn < n. This rules out the degree n = 16.
The trivial bound for k(G) (Lemma 2) gives
k(G) sn · 16µn · 14n−µn.
Now consider the set Vt of t-vectors. For 1  t  n − 1 we know that k(S∆) 
|S : S∆| whenever ∆ is a t-subset of Ω (noting that n = 16). On the other hand,
k(CG(v)/CB(v))/|S∆ : CG(v)B/B|  k(S∆) by formula (0) for any t-vector v ∈ Vt with
support ∆ (cf. the proof for Theorem 4). Using formula (2) we conclude that
n−1∑
t=1
∑
v∈Vt
k
(
CG(v)
)/∣∣G : CG(v)∣∣ n−1∑
t=1
∑
v∈Vt
k
(
CB(v)
)/∣∣B : CB(v)∣∣.
On the other hand, by (3), ∑nt=1 ∑v∈Vt k(CB(v))/|B : CB(v)| = k(BV ) − k(B) 20µn ·
16n−µn . Finally the standard bound (Theorem 4) gives k(GVn)  sn · ∏ni=1 k(ai) 
sn · 4µn12n−µn . We conclude that
k(GV ) sn
(
16µn · 14n−µn + 4µn · 12n−µn)+ 20µn · 16n−µn .
Since 3 µn  n−1 this gives the estimate k(GV ) sn(16n−1 ·14+4n ·3n−3)+20n−1 ·
16, and this upper bound is less than |V |/2 for all remaining n = 7,8,9,11,13,14. 
References
[1] J.H. Conway et al., Atlas of Finite Groups, Clarendon, Oxford, 1985.
[2] R. Brauer, W. Feit, On the number of irreducible characters of finite groups in a given block, Proc. Natl.
Acad. Sci. USA 45 (1959) 361–365.
[3] J.D. Dixon, B. Mortimer, Permutation Groups, Springer, New York–Berlin–Heidelberg, 1996.
[4] W. Feit, The Representation Theory of Finite Groups, North-Holland, Amsterdam–New York–Oxford, 1982.
[5] D. Gluck, On the k(GV )-problem, J. Algebra 89 (1984) 46–55.
[6] GAP—Groups, Algorithms, and Programming, Version 4.3, 2002, http://www.gap-systems.org.
[7] P.X. Gallagher, The number of conjugacy classes in a finite group, Math. Z. 118 (1970) 175–179.
[8] D. Gluck, K. Magaard, The extraspecial case of the k(GV ) problem, Trans. Amer. Math. Soc. 354 (2002)
287–333.
[9] D. Gluck, K. Magaard, The k(GV ) conjecture for modules in characteristic 31, J. Algebra 250 (2002) 252–
270.
D. Gluck et al. / Journal of Algebra 279 (2004) 694–719 719[10] D. Goodwin, Regular orbits of linear groups with an application to the k(GV ) problem (2 parts),
J. Algebra 227 (2000) 395–432, 433–473.
[11] R. Gow, On the number of characters in a block and the k(GV ) problem for selfdual V , J. London Math.
Soc. 48 (1993) 441–451.
[12] C. Hering, Transitive linear groups and linear groups which contain irreducible subgroups of prime order, II,
J. Algebra 93 (1985) 151–161.
[13] G. James, A. Kerber, The Representation Theory of the Symmetric Group, Addison–Wesley, London–
Amsterdam, 1981.
[14] R. Knörr, On the number of characters in a p-block of a p-solvable group, Illinois J. Math. 28 (1984)
181–210.
[15] C. Köhler, H. Pahlings, Regular orbits and the k(GV ) problem, in: Groups and Computation III (Columbus,
OH, 1999), de Gruyter, Berlin, 2001.
[16] L.G. Kovács, G.R. Robinson, On the number of conjugacy classes of finite groups, J. Algebra 160 (1993)
441–460.
[17] M.W. Liebeck, On the orders of maximal subgroups of the finite classical groups, Proc. London Math. Soc.
(3) 50 (1985) 426–446.
[18] M.W. Liebeck, L. Pyber, Upper bounds for the number of conjugacy classes of a finite group, J. Algebra 198
(1997) 538–562.
[19] V. Landazuri, G.M. Seitz, On the minimal degrees of the projective representations of the finite Chevalley
groups, J. Algebra 32 (1974) 418–443.
[20] H. Nagao, On a conjecture of Brauer for p-solvable groups, J. Math. Osaka City Univ. 13 (1962) 35–38.
[21] U. Riese, The quasisimple case of the k(GV ) conjecture, J. Algebra 235 (2001) 45–65.
[22] U. Riese, On the extraspecial case of the k(GV ) conjecture, Arch. Math. (Basel) 78 (2002) 177–183.
[23] U. Riese, Counting conjugacy classes of certain semidirect products, J. Group Theory 7 (2004) 143–165.
[24] G.R. Robinson, Some remarks on the k(GV ) problem, J. Algebra 172 (1995) 159–166.
[25] G.R. Robinson, Further reductions for the k(GV ) problem, J. Algebra 195 (1997) 141–150.
[26] U. Riese, P. Schmid, Self-dual modules and real vectors for solvable groups, J. Algebra 227 (2000) 159–171.
[27] U. Riese, P. Schmid, Real vectors for linear groups and the k(GV )-problem, J. Algebra 267 (2003) 725–755.
[28] G.R. Robinson, J.G. Thompson, On Brauer’s k(B)-problem, J. Algebra 184 (1996) 1143–1160.
[29] H.N. Ward, On Ree’s series of simple groups, Trans. Amer. Math. Soc. 121 (1966) 62–69.
